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Summary.  We study and ompute an innite family of Hurwitz spaes pa-
rameterizing overs of P1
C
branhed at four points and dedue expliit regular Sn
and An-extensions over Q(T ) with totally real bers.
Introdution
In this paper, we study a family of overs of the projetive line suggested to
us by Gunter Malle, namely those overs of even degree n ≥ 6, ramied over
four points, with monodromy Sn and having branh yle desription C =
(C1, C2, C3, C4) of type: (
(n− 2), 3, 2
n−2
2 , 2
n
2
)
Malle suspeted the Hurwitz urves have genus zero for every n ≥ 6 and some
overs in the family have totally real bers. A similar family was suggested
and extensively studied by Dèbes and Fried in [DF94℄. Unfortunately, their
Hurwitz spaes happen to have a quadrati genus in n and only provide the
expeted regular extensions for degrees 5 and 7 (see [DF94℄, Theorem 4.11).
Their work uses braid ation formulae (see [FV91℄) and omplex onjugation
ation formulae (see [FD90℄, Proposition 2.3).
In this paper, we rst follow the lines of Dèbes and Fried method and show
that Malle's expetations were right. Then the seond half of the paper is
devoted to the expliit alulation of the onerned universal family of overs.
To this end, we use an expliit version of Harbater's deformation tehniques
([Har80℄) as proposed in [CG94, Cou99℄. As far as we know, it is the rst time
suh an advaned method is used for omputing an innite family of overs.
We present numerial results, obtained with Magma, showing the eieny
of the proposed method ompared to the lassial ones involving Buhberger
algorithm. Indeed our omputation redues to solving linear systems.
In the rst setion, we reall results from the theory of Hurwitz spaes and
(non)-rigidity methods developed in [FV91, Völ96, Ful69, MM99℄. The seond
setion is devoted to the ombinatori study of our family and arithmetial
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onsequenes of it using the method of Dèbes and Fried. In the third setion,
we show the existene of totally real Sn and An residual Q-extensions in that
family. Related to this totally real speialization, we nd a very speial point
of the boundary of our Hurwitz spae that shows very useful when omputing
an expliit model. This is done in the last setion, by a deformation method.
We notie that a fallout of our onstrution is the existene of totally real
Q-extensions with Galois group Sn and An. However a simpler and astute
onstrution an be found in [Mes90℄.
We thank Jean-Mar Couveignes for numerous extremely helpful disussions
about this work.
1. General framework
Assoiated to our family of overs, there is a oarse moduli spae alled Hurwitz
spae, denoted H′4(Sn,C). It is a quasi-projetive regular (not a priori on-
neted) variety over Q with the following properties (see [FV91, Völ96, Ful69℄):
• Sine any onjugay lass of Sn is rational, H
′
4(Sn,C) is dened over Q.
• Let F4 be the onguration spae of 4 points, e.g. (P
1
C
)4 \ D where D
denotes the disriminant variety. The map:
φ : H′4(Sn,C)
// F4(P
1
C
)
h
 // (z1, z2, z3, z4)
where z1, z2, z3, z4 are the branhed points (in the given order) of the over
orresponding to the point h, is a nite étale morphism dened over Q.
• Sine Sn has no enter, the overs in our family have no automorphism
so the moduli spae H′4(Sn,C) is a ne one and for any h ∈ H
′
4(Sn,C) the
assoiated over ph an be dened over Q(h) the eld of denition of the point h.
As in 4.2 of [DF94℄, rather than looking at the full moduli spae, we on-
entrate on a urve in it. Let us x three points z1, z2, z3 ∈ P
1(Q) and onsider
the urve H′(z1,z2,z3) obtained by the pullbak:
H′(z1,z2,z3)
//
ϕ

H′4(Sn,C)
φ

P1C \ {z1, z2, z3}
i // F4(P
1
C
)
(the lower horizontal map i is z 7→ (z1, z2, z3, z)). If the three xed points are
rational, all the maps are dened over Q and the urve H′(z1,z2,z3) is also dened
over Q.
2. Combinatori study of the Hurwitz urve
In this setion, we gather the more information we an about the over ϕ :
H′(z1,z2,z3) −→ P
1
C
r {z1, z2, z3} from its ombinatori desription, namely the
monodromy, the ramiation type, the onnetivity and the genus. This will
be dedued, from an expliit enumeration of the Nielsen lass assoiated to C
(setion 2.1) and from the ation of braids on it (setion 2.2).
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2.1. Nielsen lasses desription.  Let us x the branhed points z =
(z1, z2, z3, z4) ∈ F4(P
1
C
) and an homotopi base of P1
C
\{z1, z2, z3, z4}. Using the
topologial lassiation of overs, elements of the ber φ−1(z) are in bijetion
with sniab(Sn,C) the strit absolute Nielsen lass of type (Sn,C), that is:
sniab(Sn,C) =
{
(σ1, σ2, σ3, σ4) ∈ (Sn)
4,
{
σ1σ2σ3σ4 = 1, σi ∈ Ci ∀i
〈σ1, σ2, σ3, σ4〉 = Sn
}/
∼
where (σ1, σ2, σ3, σ4) ∼ (σ
′
1, σ
′
2, σ
′
3, σ
′
4) means that there exists τ ∈ Sn suh
that σ′i = τσiτ
−1
for all 1 ≤ i ≤ 4. We rst enumerate the Nielsen lass.
Sine any two (n− 2)-yles are Sn-onjugate, every element of sni
ab(Sn,C)
has a representative with σ1 = (1, . . . , n − 2). Conjugating by a power of σ1,
we also assume that σ2 = (n− 2, k, l). We now distinguish three ases.
• The ase {k, l} = {n−1, n}. Conjugating by a power of σ1 and by (n−1, n),
every element in that lass has a unique representative with σ1 = (1, . . . , n−2),
and σ2 = (n − 2, n − 1, n). So σ1σ2 = (1, . . . , n) and the enumeration redues
to nding all the permutations (σ4, σ3) ∈ C4 × C3 suh that σ4σ3 = (1, . . . , n)
and 〈σ1, σ2, σ3, σ4〉 = Sn. We need a lemma used several times further. It deals
with relations in the diedral group Dm.
Lemma 2.1 Let m ≤ n be even and let c be an m-yle of Sn. There is a
bijetion between non trivial yles of c
m
2
(i.e. sets of the form {x, c
m
2 (x)}
where x belongs to the support of c), and the deompositions c = στ with σ a
produt of
m
2 transpositions and τ a produt of
m
2 −1 transpositions. Therefore
there are exatly
m
2 suh deompositions of c.
Proof.  Let x be an element of the support of c then one an verify that:
c =
m
2∏
i=1
(
c1−i(x), ci(x)
)
︸ ︷︷ ︸
σc,x
m
2
−1∏
j=1
(
cj(x), c−j(x)
)
︸ ︷︷ ︸
τc,x
(1)
This is a deomposition assoiated to the set {x, c
m
2 (x)}. Two suh deompo-
sitions assoiated to x and y are equal if and only if {x, c
m
2 (x)} = {y, c
m
2 (y)}.
On the other hand, let c = στ be a deomposition as in the lemma then one an
show that it an be written as in (1) by onsidering an element x of the support
of σ not belonging to the support of τ . 
The group Dm is known to be the group of isometries of a regular polygon
with m verties. We an explain the previous relation geometrially: for eah
vertex x, the rotation (i.e. c) induing an m-yle on the verties equals the
omposition of the unique reetion permuting the vertex x and its suessor
(i.e. σc,x) with the unique reetion xing x (i.e. τc,x).
Bak to the enumeration of the Nielsen lasses in the ase where {k, l} =
{n − 1, n}, the lemma 2.1 shows that there are exatly n2 suh elements; this
subset is denoted Class A in table 1.
• The ase #({k, l} ∩ {n − 1, n}) = 1. Conjugating by a power of σ1 and
by (n − 1, n), every lass has a unique representative with k ∈ {1, . . . , n −
3
3}, σ1 = (1, . . . , n − 2) and σ2 = (k, n − 2, n − 1). So σ1σ2 = (1, . . . , k)(k +
1, . . . , n−1)(n); but σ1σ2 = σ4σ3 has neessarily an even number of xed points
(beause if x is xed by σ4σ3, so is σ4(x) 6= x) therefore we must have k = 1
and σ1σ2 = (2, . . . , n − 1). We stress that if x is xed by σ4σ3 then σ3(x) =
σ4(x) 6= x and σ4(x) is also xed by σ4σ3. Therefore σ3 and σ4 share the
transposition (1, n) and the rests of the deompositions are given by lemma 2.1
with c = (2, . . . , n− 1). These elements form the Class B in table 1.
• The ase {k, l} ⊂ {1, . . . , n−3}. In that ase σ1 = (1, . . . , n−2) and σ2 =
(k, l, n − 2), then:{
σ1σ2 = (1, . . . , k, l + 1, . . . , n− 2, k + 1, . . . , l)(n − 1)(n) if k < l
σ1σ2 = (1, . . . , l)(l + 1, . . . , k)(k + 1, . . . , n− 2)(n − 1)(n) if k > l
So σ1σ2 = σ4σ3 xes n − 1 and n. Note that σ3 and σ4 annot share the
transposition (n − 1, n), beause if so {n − 1, n} would be an 〈σ1, σ2, σ3, σ4〉-
orbit; this would ontradit the transitivity. Therefore σ1σ2 = σ4σ3 has at
least four xed points: n − 1, σ4(n − 1), n and σ4(n). Then we must have k >
l and, two of the lengths l, k − l and n − 2 − k equal 1. There are three
possibilities σ2 = (n−3, 1, n−2) or σ2 = (2, 1, n−2) or σ2 = (n−3, n−4, n−2).
whih are all together onjugate under a power of σ1. In onlusion every
element in this lass has a unique representative suh that σ1 = (1, . . . , n − 2)
and σ2 = (n − 2, n − 3, n − 1). Then σ1σ2 = (1, . . . , n − 4) and in the support
of σ3 and σ4, we nd (n, n− 2)(n− 1, n− 3) or (n, n− 3)(n− 1, n− 2) whih are
onjugate under (n− 1, n). Again, lemma 2.1 for c = (1, . . . , n − 4) onludes.
These elements form the Class C in table 1.
We note that for every 4-tuple, the group generated by the four permutations
is Sn.
The whole enumeration an be nd in table 1. Note that the three pointed
lasses have the following ardinalities:
#A =
n
2
, #B =
n
2
− 1 and #C =
n
2
− 2
therefore:
#sniab(Sn,C) = 3
(n
2
− 1
)
Conerning the Hurwitz over, we have shown that:
Fat 2.2 The degree of the Hurwitz over φ (or ϕ) equals 3
(
n
2 − 1
)
.
2.2. Braiding ation.  In this paragraph, we ompute the ation of braids
on the Nielsen lass given in table 1.
2.2.1. Generator of the braid group and braiding ation.  Let us denote
by H4(Sn,C) the Hurwitz spae parameterizing the same set of isomorphism
lasses of overs as H′4(Sn,C) but without ordering the branh points. This
spae an be endowed with a topology whih is onstruted in the same way
4
Class A ai =
[
(1, . . . , n− 2), (n − 2, n − 1, n), τ(1,... ,n),i, σ(1,... ,n),i
]
with 1 ≤ i ≤ n2
Class B bi =
[
(1, . . . , n− 2), (1, n − 2, n − 1), ντ(2,... ,n−1),i, νσ(2,... ,n−1),i
]
with ν = (1, n) and 2 ≤ i ≤ n2
Class C ci =
[
(1, . . . , n − 2), (n − 2, n− 3, n − 4), ντ(1,... ,n−4),i, νσ(1,... ,n−4),i
]
with ν = (n, n− 2)(n − 1, n− 3) and 1 ≤ i ≤ n2 − 2
Table 1: The Nielsen lasses (same notations as in lemma 2.1)
as the one of H′4(Sn,C) (see [FV91℄ or [Ful69℄). On the other hand, it maps
onto C4(P
1
C
), the quotient of F4(P
1
C
) by the ation of S4 on the oordinates:
H′4(Sn,C)
//
φ
H4(Sn,C)
φ′
F4(P
1
C
) // C4(P
1
C
)
(2)
The fundamental group of C4(P
1
C
) is the Hurwitz braid group of index 4. It
possesses a lassial presentation (see [Han89℄ or [Bir75℄):〈
Q1, Q2, Q3
Q1Q3 = Q3Q1
Q1Q2Q1 = Q2Q1Q2 and Q2Q3Q2 = Q3Q2Q3
Q1Q2Q
2
3Q2Q1 = 1 (sphere's relation)
〉
Denoting the ber of φ′ by niab(Sn,C) the unordered Nielsen lass assoi-
ated to inertia's 4-tuple C, i.e. the quotient of sniab(Sn,C) by the ation of S4
on the oordinates, we have:
Proposition 2.3 (Braiding ation formula) For all i = 1, 2, 3, and for all
[σ1, σ2, σ3, σ4] in ni
ab(Sn,C), the monodromy (right) ation of the braid Qi for
the previous generating system is given by the formula:
[σ1, σ2, σ3, σ4].Qi = [. . . , σiσi+1σ
−1
i , σi, . . . ]
where σiσi+1σ
−1
i is the i-th oordinate.
Generally speaking the diagram (2) permits us to express the monodromy of φ
aording to the one of φ′. This an be done expliitly beause a presentation of
the fundamental group of F4(P
1
C
) an be expressed in term of the one of C4(P
1
C
).
We just give here the generators and refer to [Han89℄ for a omplete system of
relations:
t1,2 = Q1
2, t2,3 = Q2
2, t1,3 = Q1Q2
2Q1
−1
2.2.2. Monodromy ation for the over ϕ.  Let us reall that we just de-
ned ϕ in the setion 1 to be the pullbak of φ by the monomorphism denoted
by i : P1
C
r {z1, z2, z3} →֒ U
4
. We now want to study the monodromy of this
over.
Let us hoose z1 < z2 < z3 on the real line P
1(R) and let us dene the
following homotopi base of P1
C
r {z1, z2, z3}:
5
z1 b z2 z3 P1(R)
γ1 γ2
γ3
Then, as explained in details in Theorem 4.5 of [DF94℄, for an adapted gener-
ating system of braids
1 Q1, Q2, Q3 on C4(P
1
C
), we an ompute the morphism
i∗ indued by i on the respetive homotopi groups in term of those two sets of
generators:
i∗(γ1) = Q
2
1 = t1,2, i∗(γ2) = Q
2
2 = t2,3, i∗(γ3) = Q
−1
2 Q
2
3Q2 = (t1,2t2,3)
−1
With these formulas, the omputation of the monodromy of ϕ is dedued from
the one of φ. We summarize in the next:
Proposition 2.4 Using the notations of the table 1, the monodromy ation for
the over ϕ is:
• for the path γ1:
(an
2
, an
2
−1, . . . , a1)(bn
2
, bn
2
−1, . . . , b2)(cn
2
−2, cn
2
−3, . . . , c1)
• for the path γ2:
(an
2
−2, bn
2
, bn
2
−1, an
2
, cn
2
−2)(a1, cn
2
−3)(a2, cn
2
−4) . . . (an
2
−3, c1)
(an
2
−1)
{
(b2, bn
2
−2)(b3, bn
2
−3) . . . (bn
4
−1, bn
4
+1)(bn
4
) if 4 | n,
(b2, bn
2
−2)(b3, bn
2
−3) . . . (bn−2
4
, bn+2
4
) if 4 ∤ n,
• for the path γ1.γ2:
(an
2
−1, an
2
−2, bn
2
−1)(c1, an
2
−4)(c2, a(n
2
−5)) . . . (cn
2
−4, a1)(cn
2
−3, an
2
)(cn
2
−2, an
2
−3){
(bn
2
, bn
2
−2)(bn
2
−3, b2)(bn
2
−4, b3) . . . (bn
4
+1, bn
4
−2)(bn
4
, bn
4
−1) if 4 | n,
(bn
2
, bn
2
−2)(bn
2
−3, b2) . . . (bn+2
4
, bn−2
4
−1)(bn−2
4
) if 4 ∤ n,
2.3. Ramiation in the Hurwitz urve.  In onlusion, the Hur-
witz urve H′ is a over of P1C of degree 3
(
n
2 − 1
)
ramied over three points,
say z1, z2, z3 ∈ P
1(Q) with ramiation type desribed in table 2.
Fat 2.5 The Hurwitz urve H′(z1,z2,z3) satises:
• it is irreduible;
• it is of genus zero and Q-isomorphi to P1
Q
.
So, our family ontains innitely many overs dened over Q.
1
In our situation the 3 points z1, z2 and z3 are on the real line, so the hoie of Q1, Q2,
Q3 is the standard one (see [Han89℄ for example). In general the 3 generators Qi must be
preisely given. We point out that this hoie just depends on a given path through z1, z2, z3
in this order.
6
if 4 | n
n
2
n
2 − 1
n
2 − 2 5 12 2
3n
4
−5 3 2
3n
4
−3
z1
??? vvv
z2
222 }}}
z3
222 }}}
if 4 ∤ n
n
2
n
2 − 1
n
2 − 2 5 1 2
3(n−6)
4 3 1 2
3n−14
4
z1
>>> vvvv
z2
222 {{{
z3
222 |||
Table 2: Ramiation in the Hurwitz urve
Proof.  The irreduibility omes from the transitivity of the braiding ation.
The Riemann-Hurwitz formula shows that the genus of H′(z1,z2,z3) is zero. We
an also note that, for example, the point of ramiation index 5 must be a
rational one (this ramiation index is isolated). Being dened over Q, of genus
zero and with a rational point, H′(z1,z2,z3) is neessarily Q-isomorphi to P
1
Q. In
partiular, there are overs in our family dened over Q. 
3. Existene of totally real Sn and An-extensions
There is still a question left: does our family ontain elements dened over Q
with totally real bers?
In this setion, we use omplex onjugation ation on bers as desribe by
Dèbes and Fried (see theorem 2.4 of [FD90℄ or proposition 2.3 of [DF94℄) and
prove adapted formulae to our family and to our hoie of homotopi basis.
3.1. Covers in the family with totally real ber.  We onsider a
nite algebrai over p : C → P1C ramied over four ordered real points z2 <
z3 < z4 < z1 ∈ P
1(R), we x z0 ∈ P
1(R) a real base point between z3 and z4
and we denote by F the ber p−1(z0).
The omplex onjugation will play a ruial role; let denote this onjugation
by a bar; for example p¯ : C¯ → P1C is the over obtained from the rst one by
omplex onjugation and F¯ is its ber above z0. Let c : F → F¯ be the bijetion
indued by the omplex onjugation.
• The omplex onjugation also ats on the topologial fundamental group
by left omposition (thank you omplex onjugation for being ontinuous!). The
fundamental group π1(P
1
C \ {z1, z2, z3, z4}, z0) is simply denoted by π1. In the
rest of this paper, when we refer to the standard homotopi basis of π1, we
always mean the one drawn in the gure 1.
So we have γ1γ4γ3γ2 = 1 and the omplex onjugation ats as follows:
γ1 = γ
−1
4 γ
−1
1 γ4 γ4 = γ
−1
4 γ3 = γ
−1
3 γ2 = γ3γ
−1
2 γ
−1
3 (3)
• Sine omplex onjugation is a ontinuous morphism of C, the monodromy
of the over p¯ an be dedued from the monodromy of p. More preisely, if we
denote by ρ : π1 → SF and ρ¯ : π1 → SF¯ the two monodromy (anti)morphisms,
7
P1(R)
z0z1 z4 z3 z2
γ1
γ4 γ3
γ2
Figure 1: The standard homotopi basis
then we have:
∀γ ∈ π1, ρ¯(γ) ◦ c = c ◦ ρ(γ¯) (4)
• From the Weil desent riterion (whih boils down to the use of Artin
theory beause the extension C/R is galois and nite) we know that the over p
an be dened over R if and only if there exists an isomorphism Ω suh that:
C
p 
>>
>>
Ω // C¯
p¯  
  
 
P1C
and Ω¯ ◦ Ω = Id
(the last ondition is a oyle ondition).
From these three points, we an dedue a ompletely ombinatori riterion
for the desent to R and for the existene of totally real bers:
Theorem 3.1 Let p : C → P1C, z0, and F be as above. Let (σ1, σ2, σ3, σ4) ∈ S
4
n
be the branh yle desription of p  i.e. σi = ρ(γi) where ρ : π1 → SF is
the monodromy morphism  and by G = 〈σ1, σ2, σ3, σ4〉 ⊂ SF the monodromy
group of p.
1. The over p is dened over R if and only if there exists an involution τ ∈ SF
suh that:
σ4σ
−1
1 σ
−1
4 =
τσ1, σ
−1
4 =
τσ4, σ
−1
3 =
τσ3, σ
−1
3 σ
−1
2 σ3 =
τσ2
2. If that is the ase and if moreover the over p has no automorphism 
i.e. if the entralizator of G in SF is trivial , then the ber F is totally
real if and only if τ = Id.
Proof.  Corresponding to the isomorphism Ω of the Weil desent riterion
there is a bijetion ω : F → F¯ ; in term of ω the onditions of the riterion are:
[∀γ ∈ π1, ω ◦ ρ(γ) = ρ¯(γ) ◦ ω] and
[
(c−1 ◦ ω)2 = Id
]
(the last ondition is just the oyle one). Let τ = c−1◦ω. This is an involution
of SF whih by (4) and (3) satises the expeted relations on the σi (be areful:
the monodromy is an anti-morphism) if and only if p is dened over R.
Seondly, assuming that p is dened over R, then the isomorphism Ω is an
automorphism; so if moreover p has no automorphism, Ω, and therefore ω, must
8
be identity. Furthermore, the onjugation c an now be viewed as a permutation
of F . In onlusion, the bijetion τ introdued in 1 satises τ = c−1 and the
ber F is totally real if and only if τ = Id. 
Having this result in mind, we an now go bak to our family. Reall that
the overs of our family have no automorphism (sine the enter of Sn is trivial).
It is not diult to verify that the Nielsen lass:
an
2
−1 =


σ1 = (1, 2, . . . , n− 2)
σ2 = (n − 2, n − 1, n)
σ3 =
[∏n
2
−2
i=1 (i, n − i− 2)
]
(n− 2, n)(n2 − 1)(n − 1)
σ4 =
[∏n
2
−1
i=1 (i, n − i− 1)
]
(n− 1, n)
satises the previous theorem and is the only one in that ase.
Fat 3.2 Our family ontains overs dened over R with an interval of non
ramied points with totally real bers.
3.2. Totally real Sn-extensions.  At this point we know that our family
ontains some overs dened over Q and some others with totally real bers; we
want to prove that there are overs satisfying both properties. We will have to
move one of the ramiation point.
h4
V
z4
U
ϕ|Vreal
points
Suppose that three of the ramiation points z1, z2, z3 ∈
P1C(Q) are xed and let the fourth one z4 move on P
1(R)
between z1 and z3. Thanks to the previous setion, for all
suh z4, there is a unique point h4 ∈ ϕ
−1(z4) whih rep-
resents a over having with totally real bers above ]z2, z3[
(namely the over with branh yle desription an
2
−1 with
respet to a standard homotopi basis). We hoose U
and V two neighborhoods of z4 and h4 respetively suh
that ϕ|V beomes an homeomorphism from V to U . For
every z ∈ U ∩ P1(R), the overing orresponding to ϕ−1
|V
(z)
satises the preeding desent riteria; so it is dened over R and has a real
interval of speialization. Thus we have ϕ−1|V (U ∩ P
1(R)) ⊂ V ∩ P1(R). But ra-
tional points are dense in P1(R) so we an nd rational points in V ∩P1(R); all
the orresponding overs are dened over Q with a omplete segment of totally
real bers:
Fat 3.3 Our family ontains a rational a non empty interval of overs dened
over Q eah having an interval of totally real bers.
Let p : P1Q → P
1
Q be suh a over. Sine an interval is not a thin set, by
Hilbert irreduible theorem, one an nd irreduible and totally real speializa-
tion.
Proposition 3.4 There exists totally real Sn-extensions of Q of degree n.
9
3.3. Totally real An-extensions.  From the previous onstrution, we
now want to dedue the same kind of result for the group An. We need ap-
propriate notations: the over p : P1Q → P
1
Q will be denoted by p : D → C
and its galois losure by Dgal → C. We also onsider C′ = Dgal/An and D
′
the
irreduible omponent of the ber produt D×C C
′
whih satises the following
diagram:
Dgal
%%LL
D′
C′
xx n
rrrr
An
D

2
C
xx
p
n
qqqq
2
C′
?
≃Q P
1
Q, D
′ ?≃Q D ×C C
′
? means to be proved
Sine two of the inertia permutations are even and the two others are odd, there
are only two branhed points in the over C′ → C, i.e. z1 and z3 or z4 aording
to n ≡ 0 or 2 (mod 4). Therefore, by Riemann-Hurwitz formula, C′ is a genus
zero urve; sine it has at least one rational point (for example, one of the two
ramied points), it is also Q-isomorphi to P1Q (this kind of argument looks like
the so-alled double group trik, see [Ser92℄).
Now if we would have Q(C′) ⊂ Q(D), then all the ramiation indies of p
above z1 would be divisible by 2; it does not, so the elds Q(C
′) and Q(D) are
linearly disjoint over Q(C) and the urve D′ is nothing else than D ×C C
′
.
At this point, we have prove that the over D′ → C′ has a Galois group
equal to An. By speialization, it gives degree n Q-extensions with Galois
group equal to An. But we should also verify that there are totally real bers.
It sues to show that the over D′ → C has totally real bers. But, sine D′ ≃
D ×C C
′
, we an dedue the monodromy of the over D′ → C from these of
the two overs D → C and C′ → C. Indeed, if (σ1, . . . , σ4) ∈ (Sn)
4
, respe-
tively
2 (τ1, . . . , τ4) ∈ (S2)
4
, are the branhed yle desriptions of the ov-
ers D → C, respetively C′ → C, then:
(σ1 × τ1, . . . , σ4 × τ4) ∈ (S{1,... ,n}×{1,2})
4
is the branhed yle desription of D′ → C. At last, the riterion 3.1 shows
that the ber above every point z0 between z4 and z3 is totally real.
Proposition 3.5 There exists totally real An-extensions of Q of degree n.
At the end of this paper, we give an expliit version of both propositions 3.4
and 3.5.
4. Expliit omputation
In this setion, we ompute the Hurwitz spae and the universal urve for our
family of overs. We x one and for all three rational points z1 < z3 < z2. To
ease notations we denote by H the urve H′(z1,z2,z3).
2
Two of the permutations τi equal identity.
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4.1. The universal urve and a hoie of oordinates.  Beause the
overs in our family have no automorphism, by [FV91℄ or [FB83℄, there exists a
universal urve S and a bration:
H
ϕ

S
Πoo
Φ

P1
C
r {z1, z2, z3} F2(P
1
C
r {z1, z2, z3})
pioo
where:
• S is a smooth quasi-projetive surfae over Q,
• F2(P
1
C
r {z1, z2, z3}) denotes the quasi-projetive variety dened by the
ordered pairs (u, v) ∈ P1
C
r {z1, z2, z3} with u 6= v,
• π is the morphism obtained by forgetting the seond oordinate v,
• the vertial arrows are nite and étale morphisms of varieties, all dened
over Q.
The morphism π admits a well known projetive ompletion that is still denoted
by π. This is the anonial morphism from the (projetive) moduli spae of
urves of genus zero with 5 marked points M0,5 to the one with 4 marked
points M0,4 (we refer to [GHdP88℄ for a highly omprehensive study of the
spaes M0,n from an algebrai view point. A lot of ideas ontained in this
paper are used here). We dene S to be the normalization of M0,5 in Q(S).
We obtain this way a ommutative diagram between smooth projetive varieties
dened over Q whih extends the previous one:
H
ϕ

S
Πoo
Φ

M0,4 M0,5
pioo
In order to hoose a system of oordinates on the universal urve, we need to
dene another Hurwitz urve, a little bigger than H, namely the moduli spae of
overs in our family with a marking of an unramied point above z3. This spae
denoted by H• is a degree 2 over of H by the forgetting map. We hek that
this over is onneted. There is a universal urve S• → H• obtained by base
extension of S → H. A normalization, as in the previous paragraph, provides
the following ommutative diagram of projetive varieties over Q:
H•
ϕ

S•
Π•oo
Φ

M0,4 M0,5
pioo
Now, we want to hoose adapted oordinates on those spaes. To begin with,
let's reall that there exist four setions s1, s2, s3 and s4 of π, orresponding to
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the four marked points (see [GHdP88℄ setion 3). We dene x and y to be the
oordinates on M0,5 suh that x = y =∞ on s1, x = 1 on s2, x = y = 0 on s4
and y = 1 on s3. Then we set λ :=
x
y ∈ C(M0,4).
We also need oordinates on the universal urve S•. The bration S• →H•
admits four setions orresponding to the four points A,B,C,D. This amounts
to saying that these four points are dened over C(H•). This is lear for A and B
beause they are isolated. This is also true for C and D by denition of S•.
We dene the funtion X to be the unique oordinate taking values ∞, 1, 0
at A,B,C respetively. We dene Y to be the unique oordinate taking val-
ues ∞, 0, 1 at A,C,D respetively. We set µ := XY ∈ C(H
•). This situation is
summarized in table 3.
∞ ∞ 1 0 0 1
(A,n− 2)
X
bbEEEE
Y
<<yyyy
(•, 1) (B, 3)
X
OO
(•, 1)n−3 (C, 1)
X
\\888
Y
BB
(D, 1)
Y
OO
(•, 2)
n
2
−1 (•, 2)
n
2
z1
BBBBBBBB


z2
0000000
							
							
z3
>>>>>>>>



z4
∞

x 



∞

y;;;;
1
  
x 
1/λ
""
yDDDD
λ

x 
1
%%
yJJJJJJ
0
  
x 
0

y====
Table 3: Pointing the overs of H and hoie of oordinates
In order to ompute an algebrai model for the over Φ, we rst exhibit an
expliit model for a degenerate over. In other words we ompute the residual
morphism indued by Φ on the ber over a boundary point of M0,4 (that is
orresponding to z1, z2 or z3). Next, we an rebuilt the entire family by formal
deformation of this residual morphism viewed as a morphism of urves on a
formal power series ring.
4.2. Degenerate overs and their omputation.  Let b be a boundary
point of M0,4. We x a point, e.g. b = z3. Sine the key point of this setion is
the expliit algebrai struture of the ompatiation of moduli spaes of urves
of genus zero, we will assume that the reader has some familiarities with these
notions. We just reall (see [GHdP88℄, setion 3) that the ber Cb = π
−1(b) is
a stable 4-pointed tree of projetive lines made of two irreduible omponents.
Let us denote by Cb,1 the irreduible omponent of Cb ontaining the two losed
points z1 and z2, and Cb,2 the other one. For eah point h ∈ H• suh that
ϕ(h) = b, set Dh = (Π
•)−1(h). Then the restrition Φh of Φ on Dh is a over
of nodal urves (see for example gure 2). We denote by Φh,i the restrition Φh
to Dh,i = Φ
−1
h (Ci) ∩ Dh.
For i = 1, 2 the morphism Φh,i is nite and the ramiation lous is on-
tained in the union of the two marked points and the singular point. Now
the monodromy an lassially be dedued (see [Cou00℄ for example) from the
one of the non-degenerate overs in a small neighborhood of h. More preisely,
let V be a small enough neighborhood of h (for the omplex topology). If the
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branh yle desription of overs parameterized by V \ {h} is given by a 4-
tuple [σ1, σ2, σ3, σ4] then the branh yle desription of Φh,1 (respetively Φh,2)
is [σ1σ2, σ3, σ4] (respetively [σ1, σ2, σ3σ4]).
Let us now onentrate on the omputation of an algebrai model for the
overs Φh,1 and Φh,2. Reall, from the beginning of this setion, that we have
xed three rational points z1 < z3 < z2. For any z4 ∈ ]z1, z3[ let pz4 be the over
of P1 \{z1, z4, z3, z2} with monodromy an
2
−1 in the homotopi basis represented
in gure 1. Letting z4 tends to z3 we dene a point h in the boundary of H•.
For this h, the ramiation data for Φh,2 is:
∞OO
X
1OO
X
0OO
X
(A, n− 2) (•, 1)2 (B, 3) (•, 1)3 (•, n)
z1
7777777


z2
000000


z3 = z4
∞
x
1
x
0
x
This over is a Padé approximant and for the ouple of oordinates hosen, we
have:
x = Φh,2(X) =
Xn
n(n−1)
2
(
X2 − 2n−2n−1X +
n−2
n
)
(5)
Similarly for Φh,1, we nd:
y = Φh,1(Y ) =
1
2
Tn(2Y − 1) +
1
2
(6)
where Tn denotes the Thebyhe polynomial of order n.
Therefore a very simple model for this degenerate over is known for every
even n. We stress this deisive fat for the relevane of our approah.
4.3. Eetive deformation and formal pathing.  In order to built
the entire family, we now formally deform the previous degenerate over. The
deformation tehnique for overs appeared in [Ful69℄ and were then developed
by D. Harbater for the study of the inverse Galois problem over omplete loal
elds (see e.g. [Har80, Har87℄). In [Wew99℄, S. Wewers gives a presentation of
the tehnique of deformation very well adapted to our purpose.
4.3.1. Computation of a formal model using eetive deformation.  Let
us denote by R the omplete loal ring of H• at the point h, namely C[[µ]]
beause µ is a loal parameter at h. By base extension SR = S• ×H• Spec(R)
and CR =M0,5×M0,4Spec(R) are projetive nodal urves whose speial bers are
nothing else than Dh and Cb respetively. The over Φ indues a tame admissible
over from SR to CR whih is a deformation of the previous degenerate over Φh
represented in gure 2.
We desribe the deformation datum assoiated to our deformation as it is
explained in the paragraph of [Wew99℄ entitled The main result (pages 240-241).
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AC
D
B
Dh,1
Dh,2
z1
z3
z4
z2
Cb,1
Cb,2
Φh
Figure 2: The degenerate over Φh
Using the preeding and putting z = 1/y, the urve CR has ane equation xz =
λ. So there is only one ordinary double point δ i.e. (0 : 0 : 1). Moreover, the
omplete loal ring OCR ,δ ≃ R[[x, z]]/ 〈xz − λ〉. We also have a mark on CR,
namely the horizontal divisor dened by the four generi branhed points
(0 : 1 : 0), (1 : λ : 1), (1 : 0 : 0), (λ : 1 : 1)
and this divisor is étale over Spec(R). The urve SR has also a unique singular
point ∆ whose loal ring is isomorphi to R[[X,Z]]/ 〈XZ − µ〉 where Z = 1/Y .
Moreover, due to the ramiation of the degenerate over, we know thatXn ∼ x,
Zn ∼ z and µn ∼ λ (where ∼ means equal up to a unit fator). Therefore the
deformation datum onsists only in µ = XZ ∈ R.
In onrete terms, eetive pathing permits us to ompute a model of our
family over a Puiseux series eld C((µ)) where this eld is nothing else than the
ompletion of C(H•) at the point h. We will all this model an formal one.
In view of our hoie of oordinates, the model we are looking for has the
following form:
S(X) =
(X
n
2 + αn
2
−1X
n
2
−1 + · · ·+ α0)
2
γ(X2 + β1X + β0)
=
S0(X)
S∞(X)
S(X)− 1 =
(X − 1)3(Xn−3 + δn−4X
n−4 + · · ·+ δ0)
γ(X2 + β1X + β0)
=
S1(X)
S∞(X)
S(X)− λ =
X(X − ε0)(X
n
2
−1 + ηn
2
−2X
n
2
−2 + · · ·+ η0)
2
γ(X2 + β1X + β0)
=
Sλ(X)
S∞(X)
where the 2n oeients αi, βj , δk, ηl, ε0 and γ have to be found in C(H•). From
the three equalities above, one an dedue that S0(X)−S1(X)−S∞(X) = 0 and
that S0(X) − Sλ(X) − λS∞(X) = 0. This gives us a system of 2n polynomials
in 2n variables and with oeients in C[µ] (beause λ is a polynomial in µ)
whih should be satised by our 2n oeients.
The knowledge of the degenerate over gives us rst order µ-adi develop-
ment for all the oeients. Then omputing higher orders is just a areful
appliation of the Newton-Hensel lemma.
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4.3.2. Computation of an algebrai model from the formal one.  First of
all, we hange the oordinate X by an homography whih xes 1 and ∞ so as
to anel the oeient αn
2
−1 in the polynomial S0(X).
X ←−
(
1 +
αn
2
−1
n
2
)
X −
αn
2
−1
n
2
This natural normalization turns all the oeients in our model to be dened
over C(H). Hopefully, we have notied the all the new oeients are now power
series in µ2; so we are well bak on H!
Then the last part of the omputation onsists in deriving an algebrai model
over C(H) from the preeding formal one dened over C((µ2)) (whih, we reall;
is the ompletion of C(H) with respet to a point of H). Theoretially speaking,
this steps is based on the Artin's algebraization theorem. From a omputational
point of view, using the known µ-adi approximations of the oeients, we
should:
• rst dedue a generator of C(H);
• and then express all the oeients as rational frations in this generator.
Even if the rst step an be done systematially (as is explained in [Cou99℄),
we just guess a generator T among the oeients and ompute all the other
oeients in funtion of T . If we know the µ-adi approximations of T and
of every oeients C with enough auray, nding suh expression is just a
matter of linear algebra; indeed, for inreasing values of the degree d, we have
to solve in αi, βj ∈ C an equation like:
αdT
d + · · ·+ α0 + C(βdT
d + · · ·+ β0) = 0
whih expanded in µ gives rise to a linear system in αi, βj . We stress that
[Cou99℄ gives an upper bound for the degree d
Remark  The omputation of the last two steps ould involve omputations
with omplex numbers, and so numerial approximations, beause nothing tells
us that the model we have hosen is dened over Q. But, lukily, it is!
5. Numerial results
The two overs we are looking for are given by:
ϕ : H −→ M0,4
T 7−→ Hn(T )
Φ : S −→ M0,5
X 7−→ Sn(T,X)
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For n = 6, we obtain:
S6(T,X) =
(
X3 + 75T+12016 X +
625T 3+3600T 2+6720T+4096
96T+256
)2
3(25T+56)3
28(3T+8)
(
X2 + TX + 25T
3+120T 2+192T+128
36T+96
)
S6(T,X)− 1 =
(X − 1)3
(
X3 + 3X2 + 75T+1688 X +
625T 3+4950T 2+12960T+11136
48T+128
)
3(25T+56)3
28(3T+8)
(
X2 + TX + 25T
3+120T 2+192T+128
36T+96
)
S6(T,X)−H6(T ) =(
X2 − 5T+82 X +
125T 3+1050T 2+2720T+2176
48T+128
)(
X2 + 5T+84 X +
25T 3+180T 2+424T+320
24T+64
)2
3(25T+56)3
28(3T+8)
(
X2 + TX + 25T
3+120T 2+192T+128
36T+96
)
and:
H6(T ) =
(T + 8)(T + 135 )
2(T + 85 )
3
−3× 5(T + 83 )(T +
56
25 )
3
H6(T )− 1 =
(T + 2)(T + 165 )
5
−3× 5(T + 83)(T +
56
25)
3
We manage similar omputation in Magma for all n up to 20 in less than
20 minutes on an AMD 700Mhz.
In order to obtain totally real Q-extension of degree n with Galois group Sn
and An, we have to speialize twie. The method points out a speial value th ∈
Q of the parameter orresponding to the over h we have deformed. Let us
hoose a lose enough rational number t0 < th and set t = t0. We get a regular
Sn-extension:
L = Q(X)gal
TTTT
Q(X)
Q(x)
n
jjjjjj
Sn where: x = Sn(t0,X) ∈ Q(X)
with four ramied points 0,Hn(t0), 1 and ∞ in this order. Moreover, due to
the riterion of setion 3.1, all the points in ]0,Hn(t0)[ have totally real bers.
By Hilbert irreduibility theorem, most rationals in this interval provide totally
real Sn-extensions of Q. The ase of An follows lassially.
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